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Motivation
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I This dataset records the height of a muskmelon (y) over a period
of time (x).

I We fit a rational function model

r(x;β) =
β1+ β2x+ β3x2

1+ β4x+ β5x2
.

I The β is obtained by minimising a loss function

`(β) =
∑
{yi − r(xi;β)}2.

I Muskmelon do not usually grow shorter over time! Should not be
decreasing when x > 0.9.

I r(x;β) should be monotonically increasing when x ∈ [0.35,1].

A constrained minimisation problem

I The β needs to satisfy:
. ∂
∂xr(x;β) ≥ 0 for all x ∈ [0.35,1];

. r(x;β) <∞ for all x ∈ [0.35,1].
I This is challenging! There are infinite number of inequality

constraints.
I Fortunately, we can build an indicator function

1(β) =

1 if β satisfies the shape constraints;
0 otherwise.

I Now we have a constrained minimisation problem. Find the global
minimiser β∗ of `(β) subject to 1(β∗) = 1.

I [1] shows that

π(β) ∝ exp
{
−`(β)
T

}
1(β)

will converge to a Dirac delta function δ(β −β∗) when T → 0.
I If we can sample from π(β) with small T , we will get β∗.
I We have converted a regression problem to a sampling problem.

Metropolis-Hastings algorithm [2, 3]

I Use Markov chain Monte Carlo (MCMC) to sample from π(β).
I Idea: simulate a Markov chain with an invariant distribution of
π(β) for a long enough period.

I First attempt: Metropolis-Hastings (a type of MCMC) to simulate
this Markov chain. The flow chart at kth iteration is illustrated:

I Issue: pk is small when T is small. The chain will barely move
(i.e. βk+1← βk always happens).

I We can start with a large T and decrease it after each iteration.

Sequential Monte Carlo sampler [4]

I Decreasing T after each iteration =⇒ sampling from a sequence
of distributions πk(β)

πk(β) ∝ exp
{
−`(β)
Tk

}
1(β)

I Second attempt: Sequential Monte Carlo (SMC) sampler, a more
efficient way of running multiple Metropolis-Hastings algorithms.

I Starting from {βi0}
N
i=1, the flow chart at kth iteration is illustrated:

I SMC sampler can be seen as a two step process: importance
sampling and a Metropolis-Hasting minimisation step.

I The weight of βik,w
i
k, is inversely related to `(βik).

I βik with a lower `(βik) has a better chance of getting minimised.

A note on the temperature

I The only difference between πk(β) and πk+1(β) is T .
I If πk(β) and πk+1(β) are too close, computational resources are

wasted.
I If πk(β) and πk+1(β) are too far, the algorithm will not converge

to β∗.
I Convergence conditions for the SMC sampler [5]:

.
∣∣∣∣∣ 1Tk − 1

Tk+1

∣∣∣∣∣ is monotonically decreasing;

. Tk→ 0.
I In practice, these conditions can be relaxed.

Results

I Run SMC sampler 40 times.

I The temperature follows Tk =

∣∣∣`(β∗k)∣∣∣
1+0.95(k − 1)2

, β∗k is the best β

observed up until kth iteration.
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I Dotted line: the unconstrained curve; solid black: the best
constrained curve out of the 40 estimates.
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